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ATALYSIS OF CIROULAR SEE L-SUPPORTED FRAUES

By J. B, Wignot, Henry Combs, and &, F. ZTnsrud -
SUHMARY B b B Lo

In the pest 1t has been oustomary o analyse shell-
supported frames on the basis of the assumption that Ffrane
bending distortion does not affect the character of the -
sheer resistance in the skin, DThis assumption has besen ~ - -
found to be considerably in error for a medoritJ of prac— -
tical cases, e S

Tt - ——

L

In order %o obtain results more nearly representing . "7
the cchual cass, it is essential that the deformatlon of
the froame and the deformation of the shell be consistent
with each other, While this principle of "consistent
deformations® is already well known and appreciated, its
application to fuselage frame analysis and similar prob~
leme has not been extensively developed, N

shell—supported frames subjseted to concentrated loadings.
A mathematical attack is developed and presented in the
form of nondimensional—poefficient curves. These curves, -~ -_X
while they are devaloped for eircular frames only, may, - S
by mecns of approximations, be ussd for nearly any prac—

tisal frame whioch has ocurvature in the region of applied
loading, Cil =

s
This paper deals with the single problem of circular - szf

INTRODUCTION

Then ehell—supported rings are externally loaded,
the awoliea loadling is resisted primarily by a system of
shearing forces within the shell. : . e

The VQ/I eand T/BA shear—flow distribution, which ~~—~ -~
has besan used frequently in past analyses, is consisten?d
with the assumption that the ring beling loaded is rigid.
For smell-diameber shells with sturdy rings, tals dleftri-

‘buticn has proved reasonably satisfactory for design
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purposes, .However, as the size of airplanes increzses,
the rings become relatively more flexible so that the
assunption of infinite ring stiffness may sometimes
introduce errors of several hundred percent in ring
design, Therefore, the necessity for a more accurate
analysis becomes apparent, Such an analysis must con~-
glder the finite stiffness of the ring, -

Because of the added complexity involved in evaluating
the effeqgt of finite ring stiffness, it is desirable to
present the results in the form of coefficient curves cal-—
culated for typical cases, Then the Yending momsnt, axial
load and transverse shear in @ ring, and the corresponding
shear flow acting on the ring from the supporting shell .
may be readily obtained from these curwes by proper inter—
polation and superposition,

This report is but the stert of the contemplated ring
study end covers only the case of a complete circular frane
subjected to & system of coplanar loadings. The method
wlll, in later reportsg, bPe extended to more general appli-
ca*ions vhich inelude the following problems:

(1) Anelysis of wing~fuselage intersection including
design deta for the main frames, deflection of the main
franes, skin shear flows, and modification of axial streases
(in the vicinity of the main frames) as a result of ring
flexibility

f~% &Znalyeis of fuselage cut-outs including design

~-va wnd deflestions for the end frames, skin shear flows,
and stringer axial stress modifilcation

(3) Mutual influence of adjacent frames

(4) Analysis of rings involving floor support problems

77\ 4w "vgis of rings indirectly attached to skin

SIMBOLS

a internal axianl load acting on ring cross .. ;- -7— -
pounds

c. arbitrary constant of integraticn
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Cups Opg | fimel internal load coefficients, where
first subscript designates type of
Con+ Cgy internal load a shear flow (m for
o o > moment, s for shear, =& for axial
‘ar® “at load, and q for shear flow)
c ¢ second subseript designates type of
qr® “qt external applisd loading (m for
rnoment, r for radial load, t for

tangential load)

. 3
reletive—sgtiffness parameter (%%f; approximately equal
3
to IR
s
elenent of skin shear force
Ay, AP! horizontal, vertical, and angular displace—
ments, respectively, for entire ring
(without distortion)
AR, A final deflection components of any point on
distorted ring, tangential, radial, and
rotational, respectively

8§y, 8¢ final relative displacements betwesn faces
of "cut®

Youngls modulus of elasticitf for ring, pounds per
square inch '

nodulus of shear rigidity of skin, pounds per sgquare
inch

internal continuity axial force at out, pounds
moment of inertia of ring cross section, inches?

skin resisting force per unit tangential deflection,
pounds per inch -l

Cistanece along shell to a section which 1is not
disbtorted from a circle
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Kgns Eup?! final moment constants 7} =n designates posi-
tion of term in
Kgne Egn! final shear—flow constants general expres—
. gion :
¥sns Ksn? final shear constants ? prime designabes
. . antisruometry
Kans Xan?! final axial-load constants

internal bending moment actiang on ring, inch-~pounds

m

M applied moment acting in plaﬁe of frame, inch-pownds

“A internal continuity moment at cut, inch—pounds

. applied radial loaéd acting in plene of franms, pounds'

Pt apnlisd tangential load acting in plane of frams,

nounds ) o _ : : N

PA internal continuity shearing force at cubt, pounds

a, - induced shear flow expressed in pounds per
..radian (g eas used in

Qo conventional shear flow final curves ig divided

by radius to give
q resultant shear flow 1b/in.}

redius of ring, lnches

s transverse "beam shear® in fuselage

8 internal shearing load acting on ring eross section,
pounds

te ‘average effective_skin thickness supporting ring
[0.5 (tr + t‘&)]

tp eféectife skin thickness forward éf frame

ta effective skin thickness aft of framne

I8 ratio of E of frame to G of skin

€ relative "shape®™ stiffness of shell forward of ring

€L relative "shape® stiffness of shell aft of ring
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B, ¥ danping parameters
<o frequency parameter

= B%® + 0% + 1

¥ variable angle while 6 remains constant

8 angular displacenent from cut (may be used alone
or as subsecript)

¢ integration limits {xw for complete circle)

DISCREPANCIES BITWEEHW THEORY AND TESTS

A few ring tests on the Constellation fuselage test
section have been conducted by Lockhsed Aircraft Corporation,.
Observations based on these tests (unpublished) include the
following? _ ..

(1) The maximum moments, actually measured, ranged
from 5 percent to 50 percent of wvalues obtained by
assuniag infinite ring stiffness.

(2) The moment pattern for each test indicated that
the load affected the ring only locally instead of entiraly
around the fuselage.

(3) For radial loading the maximum axial 1oad was at
the .location of the radial load instead of 45° away, as
indicated by assuming a very sitiff ring, The maximum
axial load, a8 measured, exceeded the calculated valuses
by approximately four times.

(4) For tangential loading the axial-load curve
reaches the same meximum as the calculated curve but
dles away more rapidly.

The Boelng Aircraft Company has also made some ring
teats on the XB—29 fuselage test section. Two equal
vertical loads were applied, sach at 32%°% from top center.
The ring stresses, as measured, corresponded in nature %o
the Constellation ring tests. The following comparison
with conventional analysis was taken directly from the
Bosing renort (unpublished) :
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It may be seen that the maximum measured stress . ¢ o
is only 20.3 perceant of the corresponding theoretical
gtress, with even greater variation at other points
on the frame. Hence this method of analysis ig an
@xtremely conservatlive one.

As & result of these tests, {%t 1s evident that the
assunpbion of infinite ring stiffness leads to sxcessive
conservatism for any airplane with rings that are similar
to those of the Lockhesd Constellation or Boeing XB-239,

GENERAL DEVELOPMENT

Prelininary Discussion

In the generzal ring analyges that have been developed
{reference 1), 1t has been customary to assume that the
resisting skin shear flow follows simple VQ/I anda T/24
distribution, As long &s the ring remains perfectly rigid,
this assumption is reasonably clogse to the actual conditions,
However, in the cese of rings of large diameter uged in air—
craft structures, the assumption of perfect rigidity is
often fer from the truth.

In the asectual case, the ring will always experiencs
some distortion as a conseguence of being loaded. This
distortion will induce shearing forces in the skin which
tend to oppose the ring deflections and, therefore, effacw
tively change the manner 'in which the applied foroes are
resisted by the skin., Figure 1 shows the deflected posi-
tions of a rigid ring and a flexible ring, Note that the
differonce 1n tangential deflection in ths two coses would
induce additional forces in the skin which oppose the
deflections of the flexible ring, & very light ring would
tend %o deflect urntil the external moments causing the
deflections were neubtralized by the sum of the resisting
moments in the ring and the resisting moments due to the
deflection—induced skin ghear flow. Now, if the resist-—
ence of the skin to deflection is increased, say by
doubling the skin thickness, and the vring is loaded as
before, then the skin will resist the deflections of the
ring more strongly and will provide & greater proportion
of the resisting moment than before.

. However, since 1% is chiefly the moment in the ring
that Getermines the deflection of the ring, the distribution



NAGA TH ¥o..92¢ ' 7

of the shear flow in the skin has been altered by changing
the relative stiffness of the gskin and rings., It is then
apparent that, fn the actual case, the distribution of the
skin sheer flow depends upon the relative stiffnesses of
the skin and ring. It is now possible to consider the
skin shear flow as consisting of twa partst the VQ/I
and T/24 distribution upon which is superimposed the
induced shear flow.

The VQ/I =and T/24 distridution may be realized
by essuning the shear flow to be proportional to ths
tangential deflection of the skin with respect %o a
reference ring which 1ls assumed to be rigidly fixed in
spaces 4if & horizontal and vertical force and a moment
are anplied to the ring, they will produce a horigontal
displacenent A&x, a vertical displacement Ay, and a
rotation 4!, respectively, of the ring as a unit.
The shear flow at any point is then given by :

Gy = K(4x cos & + Ay sin & + Ad!?)
where KX is the ratio of tangential shear force per radian
to tangential deflection,
The induced shear flow is proportional to the relative

tangential deflection of a point dus to the bending moment
in the ring,.

The resultant shear flow acting on the ring is then
given by

= 8%
4= 35
= qo + q'-i

= K(ox cos 8 + Ay sin 8 + AdY + ATp) (1)

The moments produced in the ring by this load systenm
may now be determined,
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% e Dovelopment of General Differential EBEqusation
. Figure 2 shows a portion of & fuselage ring that has
s besn cut 2% point A and the Fforces reguired to produce

continuity have been applled at the cut. An element of
skin shear force acting on the ring is represented by 4F,
The bending moment at any point € in the ring will then
be given by .

m= M o+ EiR(l - go8 8} - PyR sin 8

]

- R f {1 - cos (8 -wl}ar (@)

o)

Expanding cos (6 — ) and differentiating m with
raespect to 6 yilelds

° dm

aF 2 2 4ir
—— = B - PrR + R=- + - R
%8 HA' sin & 4R cos 8 de(cos g sin®8) -
P | e _ . .
~ R sin 8 U/-9 dos y 4F + R cos 6 J/q sin ¢ dF {3)
a . lo .
Differentiating agein with respect to €& yields
2 e
[« St HXR coe 8 + PAR sin & -~ R cas € U/n cos Y 4F
ag=
"8 ° l
~ R sin 8 Z sin y 4&¥ (4)
The third derivative yields
d?m

=== = — LR sin 8 + B4R cos 8 - B{cos?8 + sinze)%%
8

_ . 8
- . 4+ R sin 6 J/n ¢os ¥ dF -~ R cos @ J/q sin V¥ 4F

Q [»)
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If the siwmilarity between alternate derivatives is
noted, it may be seen that adding the first and third
derivotives ylelds
dm . d%n aF
 r—— -.\R—.-
a8 ags a8 (5)

Since nm is the moment at any point in the ring, the
tangential deflection at D (fig. 2

due to & moment et
¢ acting over an elementary length  of the ring R ae
will be given by

(A1) = 25’5%%9—3 (&)

From figure 2 it is evident that

=R - cos (8 - y)]

By substituting for b and integrating, aquation (6)
beconies ' o )

2
BT = - = nll — cos (8 ~ y)jae

[+}

Substituting for AT in equation (1) yields

aF

——

s = K AGY + K Ay sin 6§ + K Ax cos ©

&
2 _ :
- _I‘EE.%I_ /’ mfl ~ cos (8 — y)lde (7)
“o
Foting the similarity between equations (2) and (7),
it is evident by comparison that

S d (8)
d6°  aet ER S
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. = 3
Egr. 4 i‘;_.‘l = e .;.u;-.m (9)
N ab  ggs El -

Adding the first and third derivatives of equation
{(5) gzives

& 4 2
em, p&nn, 4 AR(d > - (10)
ae® aeg* dez CE ae*

Substituting equation (8) in equation (10) gives

[ < = 3
&z, bz, dn Ko, .0 (11)
ae ae ae? BI

Squation {11) is the differentiml egquation defining
the moment distribubion in & skin-—supported ring subjected
to any loading., It is interesting to note that the dis—
tribution depends only upin tns value of KRa/EI herein—
after called the "relative-stiffness parameter 4," because
K is a factor denoting the stiffness of the skin and EI/R
is a factor Genoting the stiffness of the ring,

The general solution {see appendix) of equation (11)
vilelds

o= 01679 + an“we + caese cas <6 + 049“39 cos b

+ CgeP® gin oo + C_eP® s1n o8 (22)

where tiie values of &%, B, and O are as plotted in
figure 3 for different values of XR®/ZI., Inasmuch as
there are six independent constants in equation (12},
slx independent conditional equations are neesded for a
complete solution. These are the three eguatvions of
equilibrium and the three equations of continulty.

Considering only symmqtrical or antigynmetrical
loadings reduces the number of independent counstants 0
three,,and the general solution reduces %o
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n = Kml cosh Y6 + Kma cosh B8 cos qe
sinh ‘B0 sin o0 _ (13)

o+
_ Kma

for gsymmetrical loading and to

nt = Kml’ sinh ¥6 + Kma‘ sinh P8 cos o8
(14)

+ Kma‘ cosh B6 sin o8

for antisymmetrical loading,
The expressions for the shearing force, axial force,
8 may be shown %o be

and skin shear flow at)any point

given by (see appendix
1 dm
® R a8 ( ?
3
1 /dw . & m
¢ R ae dea> )

where m 1is given by equation (13) or (14).
The components of absolute deflection (that is, with
may be shown to be glven by

respect to "fixed structure®

(see appendix)
S 1) (18)
_ ase '
1 Zn a*n
AR = L (Em ) (19
RE \gg®  aegt (28)
(20)

°m d5m>
ae®
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Exominetion of eguations (13) and (14) and their
derivetives reveals that the derivatives of m are 7
alternctely synmetric and antisymmetric and the alber~
nate derivatives differ only in the numerical value of
the three coefficients. Inasmuch as all the preceding
gquantities are proportional to derivatives of n or
sumg of even or odd derivatives of m, +they will also
differ from the similar quantities only in the numerieal
valus of the three coefficlents, Therefore, the inter~
relation between these coefficients may bve conveniently
shown in tabular form. (See table I,)

The six conditionel eguations mey be representsd as

, Zv = 0 (21a)

»

Z«m = 0 - (211)
Yax = 0 {21c)
ZH = O _ (21&} -
Zz«: = 0 _(21;)
ZAy = 0 (21¢f)

The first three conditions are automatically satisfied
by condlitions of antisymmetrical loading aud ths last three
are satisfled for symmetrical loading. thLerelcre, for syn-—
metrical loading, equations (2la) to (2lc) become

o

f @ sin & 46 = P, (22a)
=& f¢,mR

—— g = 22%

J F7 e 50 o (22v)

(¢’ _¢
mR ®

/‘1EF(GOB § «- coas ) 46 =s5x {22¢)

)
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where
@ = Ky, sinh ¥8 + K4, sinh B8 cos o8 + Eqs cosh BB sin o8

m o= Kmx cosh ¥& + sz cosh BO cog o8 + Kms sinh B8 sin o8

For antisymmetrical loading, squations (21d) to (21f)
becone

R — v

¢
/ﬂ q cos & 48 = Py {224)
& -
/ﬂ q{l = cos  cos B)R d6 = H {228)
"= o
2
f % sin © d6 = &y (z2r1)
=¢
where .

q.=KQ1' cosh Y0+ an' cosh B8 cos 684-Kq3’ ginh ¥6 ein o#f

m::Kml' sinh Ye*ixma' sinh B® cos GG+-Zm3' cosh B8 sin o8

‘All integrals to be evaluated for equation (22) _
come under one of the seven general types given in gen—
eral form in %ke appendlix, The numerical avaliaation of
these integrals is accomplished on computaition form 3.
(See appendix.} : : ) : _

The coefficients, evaluated in accordance with compu~
tation form 5, are used as shown in the following table:
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PINAL FORHULAS

Radial load Tangential load Moment load
Bending m=C = 0P =
moment myE R m = COpyPeR n _cmmM
Shearing g = 0 g = O P g= 6 N
fores srPr gb t. SmR
Axial . — M
force 2 = Oy a = CarPy &= Gam’ﬁ
Py Py N
Shear q=cq1‘"£‘f q=th-§- q=G@_..§
flow (1v/in.) (1v/in.) (1'b/in‘:§l
angential =B = E!'. By = -0 ,.PJ.". = 2 L
Tgeﬂactim AT = g = ~Oyp AT = Fa = ~Opp, AT £ ~Can_ R
Radial _ L Rdq _ Py __Rag _ By Rd M
borlection | & fﬂ"cmrli AR =-%3 "CARtK AR = Kdg= AR, TR
_ 1 a2 1 a° 1 g
Ap=p = fq+22 Ad= - = [q+ 24 b= —2lqg+ 22
Sectional “x |t d93> K (q ae® 4 ae?
rotation P P
= Gy v =Gy, oo = Oy o
Odiy, KR by KR m KR®

626 ‘OH NI VOVK

?I -
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DISCUSSION OF PHYSICAL CONCEPTS

Zffect of Ring Flexibility on Shear-Flow Pattern

The shape of the shear—flow pattern, for a given
external load applied to the ring, depends entirely upon
the stiffness of the ring relative to the shell., This
statenent has been substantiated methematically in this -~
report. However, in order to estsblish nonmathematical
concents of the general phenomens involved, the following
paragranhs will be devoted to a study of the effscts '
encountered with each loading case.

Before the character of the shear—flow pattern may be
determined, 4% is first necessary to realize fully that the
shear—flow intensity 1s proportional to the tangential de—
flection imposed on the skin by the loaded ring. Thisg
statement is apparent since shear force in the plane of the
skin ie certainly necessary t¢ produce tangential deflection
of the skin, and the magnitude ¢f this shear force is pro-
portional to the deflection whieh causes it, With this fact
¢clearly in mind, consider & shell section loaded radlally
as shown in figurs 4,

First, assume that the ring 1is very stiff and remains
circular throughout the loading process, TUnder these con—
ditions, it is evident that the ring will undergo a pure
translation displacement in the direction of the load P,

Thig %ranslation will impose ghe maximum tengential deflec—
tion on the skin at points 90" away from the loading P..

Tn other words, the skin shear—~flow pattern assumes the
vQ/I (or sine) wave form as illustrated in figure.5.

Tow, if the ring distorts, as shown in figure 4, the
point of maximum tangential deflection is no longer 90°
away from the loading., Instead, it moves to the region
indicated in figure 4, due primarily to the tangential
deflection induced in this region by straightening the
top portion of the ring. (The ring axial loads do not%
ordinarily cause sufficient axial deformation to affect
appreciably the general problem,) Therefore, when the
ring its somewhat flexible, as it 1s for most practical
cases, the shear—flow pattern takes a form gimilar to
that shown in figure 6. The extent to which the shear
flow 1s localized in this manner depends entirely upon
the stiffness of the ring relative to the stiffness of
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the shell, However, this shear flow 1s incensistent in
one respect., If the ring is flexibdle, as it must be for
this tyoe of shear flow, the points b (fig, 6) on ths
ring will deflect downward excessively due %o the relative
Topening” action of the shear Fflow aching against Poe
Therefore, the shear—flow pattern, indicated in figure 6,
must be modified s0 as to incorporate secondary wavee (as
shown in fig. 7), which restrain this downward deflecting -~ -~ ——
tendency.

In sunmarizing the caece of a raedially loaded ring, it
may be stated that when the ring is infinitely stiff the
shear—flow pattern follows 2 VQ/I wave (fig. 5) but, as
the ring becomes finitely flexible, the shear flow gradu-
ally changes from 2 sine wave to a pattern similar to that
shown in figure 7. '

Jow coneider the study of a fuselage ring loaded with
a slngle tangential load,

If the ring is extremely stiff, the shear—flow pattern
resisting the tangential load is as shown in figure 8., This
pattern may be obtained by applying the customary 7VQ/I and
T/2h distribution. Note that the chief function of tha
secondary wave is %o offget the moment. induced by the primary
wave about poins A, :

If the ring 1s not extremely stiff, the shear—flow
pattern cannot form as shown in figure 8,.slince the ring is
not capable of distributing the loading entirely around
the section, Instead, it dlstorts under the loading Pt

and tends to localize the shear flow, Therefore, the
shear flow assumes a pattern similar %o that shown in
figure 9.

Since the primary wave for a flexible ring, as shown
in figure 9, produces less moment about point A than it
does for a rigid ring {(fige. 8), the secondary waves become
less signiflcant as the ring becomes more flexible.

For the last type loasding, consider a eingle applied
concentratedl moment,

If the ring is infinitely rvigid, the resisting shear
flow, for moment loading, is & constant of T/24 entirely
around the section,
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Qr1

hen the ring is not extremely stiff, the shear—flow
pattern cannot remain constant since the ring is fiot capable
of distributing the loading entirely around the section.
Instead, it digtorts, under the moment loading, and tends

to localize the shear flow, as shown in figure 10 whers the
Primary waves resist the applied moment and the sscondery
wave compensates for the horizontal components induced by
the primeary waves. It is observed that the intensity of

the seccndary shear flow becones gquite severe for very =~
flexible rings and entirely disappears when the rlng becomes
infinitely stiff.

Relative—S8tiffness Paramster

On the preceding pages, the shear—flow patteras
obtained with various relative ring stiffnesses have been
described in some detail., However, the exact parameter
which meagures relative stiffnesses has not heen mentioned,
It is 2 natural product of tHe mathematiecal analysis.
However, the terms included in it are reasonadbly self-—
explanatory when congidered from a deflection etandpoint,
This parenenter, which defines ths shear~flow distr1butlon
in everv casse, is given as B

o
d:-@.—
EI
where .
23

— fagtor which is proportional to tangential deflection

-

4 of ring

X factor which, by definition, is inversely »roportional
to bangential deflection of skin, pounds per iach

This term KR /EI is used throughout the mathematical
derivation. Eowever, i%s exact evaluation depends upon the
accurate determination of X, for which further development,
supplemnented by tests, is clearly needed. Therefore, until
a bebter means is made available, X may be apnroximated
as
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where L is the distance along the shell to a section
wailch is not distorted from a2 ecircle, At this segtion

e V3/I shear-flow pattern may be considered %o exist}

R/L is assumed to be never less than unity (except for

the case of adjacent rings similarly lemded). This approx—
imation for K seems Justified for any large fuselage .
compsarable with that of the Lockheed Constsllation or
Boeing illodel XB-29 since it gives good test agreement for
those airplanes, Then, by substituting in the expression
for 4, Co

3
t o}

d = =0
where

te average effective skin thickness supporting ring (%*)

R redius of ring {(suggest that R be mesn radius between
skin and ring neutral axis) '

I mean effective moment of inertia of ring cross section
ineluding effective akin

B ratio of E of ring to G of skin

t actual skin thickness

APPLICATION CF METHOD AND USE OF CURVES

General.— The curves, as presented in figures 11 to
43, are derived for the ideal scase of a continuous cir-
cular shell—supported frame of constant BEI with any
system of applied loads in the plane of the frame.

However, rings which vary consideradly from the
1deal case Bmay be handled with reasonable accuracy by
approximating ¥equivalent ideal conditionsg.®

The coefficients for (1) bending moment, (2) axial
load, (3) shearing load, and (4) shear flow are plotted
egainst angular location for various values of the
relative—stiffness parameter 4, There is an indepsndent
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set of curves for each type of loading (radial, tangen—
tial, moment, and rotation) and a separate plot for each
copgfficient.,

The value of the relative~stiffness parameter may be
determined from the relation d = t R%/pl as previously
discugsed.

The details for using the ourves to find bending
moments, axial loads, and so forth for a given single
loading become evident by examination of the curves.,

The results for any system of loadings may be
obtained by breaking the system down into a series of
individual radial, tangential, and moment components and
superimnosing the individual results, T

Shear flow in _skin.~ The shear flow as obtained from
the curves is the total shear flow actlng on the ring,
This shear flow (see section entitled "Preliminary
Discussion®) is composed of (1)} a ¥Q/I (or 4 = 0)
ghear flow which provides equilibrium and {(2) "induced®
shear flow, not affecting equilibrium, lnduced By ring
distortione The VQ/I portion is resisted from the
fore—and-aft sidee of the ring in proportion to the
total shear and torsion on each side. The so-called
induced portion of the shear flow actling on the ring
is supplied by the skin from the fore—and-aft sides of
the ring in proportion to the relative "shape' stiffness
of the shell on each side, The shape stiffness refers
to the resistance of the adjacent shell sbructure to
distortion from a circular shape. It depends upon the
arumber of rings, ring spacing, ring stiffnesses, skin
thickness, skin shearing modulus, and the distance from
the loaded ring to a gection in the shell which undergoes
no distortion. It is hoped that further development and
test data will provide a simple method for obtaining this
shape~stiffness factor fairly accurately, However, at
present the following approximation, involving only the
skin thicknesses and the distances %o undistorted sections
are suggested since it is felt that they are perhaps the
most important faectors for the usual case, The relative
shape stiffness 6f the shell forward of the ring is assumed
to be

tp

€F = ey

R T
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. and aft of the ring to be -
e LRSS
t T T

‘. CA = —-.-—.é'—.—- e :

‘bF + t.A.
where
by effectlive skin thickness forward of ring -(% t) _;':
?A effective skin thicknesds aft of ring % b) A
~ IR S

(For significance of R/L, see discussion under R
Relative—~Stiffneses Parameter.) e nE
Cases 1, 2, and 3 are given as illustratlons of the =
skin shear flow on either side of the ring, g ]

Case 1l: General case of a loaded ring in any cylinder

Pr

/

BLTALRIRARERAR
RIS RRARAL

orwa I
Twar View of forces

%:jij;:::/// é; | _ acting on ring I
‘ é/<: { T ) Shear ) : "Flif ~ o
W‘A LT et

The skin shear flow fore &nd aft of the loaded ring - s
may be glven as _ S Sl

e - -

Shea? flow as\’ Shear flow Sp Shear flow
qp = —€p obtained from) _ ag obtained — == las obtained
curves, using for 4 =0 Pr\for a4 =0
actual 4 ] ' Y
- o ) ) '
q-A - r do -r-..‘é:. do

e, i . — 5
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where the first terms represent the shear flow induced by
ring distortion, and the second terms represent the load-
ing (or eguilibrium) shear flow. Pomsitive skin shear flow

is considered to be acting clockwise on the section "ahead¥
when viewed looking forward,

fase 2t Loaded ring in & cantilevered cylinder

P, B .
V g
s
”
>
-
ve
L~
[~
‘//
- . - . .
Forward A
Shear
4 7
. 8y 4 _;/i;////
I Iy Ess

The shear flow fore and aft of the loaded ring may
be determined using the same expressions as for cesse 1,

The only Aifference is that Sp is zero, (See shear
diagram,)

Case 33 Loaded ring at the free end of a cantileversed
cylinder e,

|

r

WL MVANANA

Porwara N
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The shear flow in the skin aft of the ring is the
samne as the shear flow acting on the ring. It is noted
that, if the general expressions from case 1 are applied,
Ew and Sp are both zero and ¢ is unity, so that qy

becones

qp = Shear floy as obbtained from curves using actual 4

Approximation involved when £. R. _or I _does not
remain constant.—~ When the curves are to be appllied to an
actual ring which is not%t assoclated with entirely constant
values of %, R, and I, approximate "effective" prop-
ortles may be obtained which will give reasconable ressults,
Therofore, the following paragraphs are devoted to a dis—
cussion of these approximations.

The relative importance of the skin thickness at{ any
point is proportional to the intensity of the shear flow
aoting on the ring at that point. It is suggested, fLor
the purpose of simplification, that the skin thickness be
considered only over approximately thse first major wvave
of shear flow., A trisl, using en assumed thickneéess, may
be neecessary in order to locate approximately the first
me jor shear flow wave. Then the average effective skin
thickness may be obtained as follows:

(1) Obtain the actual weighted average of skin thick—
ness over approximately the firgt major wave of shear flow
for both the fore—and-aft sides of the ring,

(2) Yote the distance I each way from the loaded
ring to the section that cannot undergo any distortion in
sympathy with the loaded ring. EBExamples of such points
are points of fixed shell support and points of antisym—
metry halfway between two separate rings which are loaded
so as to cause opposite shell deflections.

(3) If this distance L either way from the ring is
less than the radius of the shell, the effective thickness
07 that sgide of the ring should be increased by the ratio
R/L.

(4) Then ¢t is the average of the effective thick~—

nesses on each slde of the ring asg found in accordance
with steps (1), (2), and (3},

~
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The riang radius R and the moment of inertias I
need be constant only from the loading poiant around
through the regioz of avnpreciabls bending moment. If, in
this region of appreciable bending moments, R and I
vary slightly, satisfactory results may be obtained by
using the average values of B and I. Howsever, if R
varics congiderably, it is recommended that overlapping
assunptions be applied. C

iIf 1 wvaries considerably, the following means for
finding the approximate equivalent moment of inertia is
suggesbed:

11 = ensth of are
die
I

where the length of arc and j;%g is continued over only
—t

the region of appreciable bending moment. This region of
appreciable bending moment may be approximately located
by using an estimated relative—~stiffnees parameter Q.

The curves are set up for coefficlents at definito
engular Positions. These positions are measured from the
point of load application with respect to the center of
the circlee. 7For & case of varying curvature the approxi-
mate point on the actual ring, for which the cocefficients
apply, may be obtained by laying out around the ring a

distance of Rei%B inches, whore R 1is the assumed

equivalent radius and & 1is the angle (in deg) from the
loading %o any point on the assumed equivelent circle.

The effsctive width of skin acting with the ring is
not constant sven though the structure is perfectly uni-
form throughout the circumference. However, the final
rssults are not very sensitive tec the value of 4,
especlally when 4 1is large. Therefore, the following
effective—wildth assunptions are recommended:

(1) For determining the section propertics needed 3
for 4, use an effective width approximately equal to the
depth of the ring

(2) For determining the section properties needed
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for the margin of safety of the ring, base the effective
width upon the stress condition (tension or compression
in the skin) )

Effect of sdjacent rings beinsg similarly Joaded,-
Further development, supplemented by tests, 1s clesarly
needed in order te¢ predict accurately the effect of load—
ing adjacent rings simultaneously, In view of available
data, the following approximations are raeconmendsd:?

(1) For the design of a ring whers one adjacent ring
of approximately the same flexural proportions ls similarly
loaded, uss

(2) For the design of a ring where at least both
adjacont rings are loaded similarly, use

These adjustments in 4 may be considerdd as adjust—

ments in the % —~value used in the expression g4 = %t.

{Sec 'section entitled "Relative—Stiffness Parameter.”)

Analvsis of a ring containing ' a pin Jjoint.- & pin

Joint in a ring simply permits snough angular rotation at
the pin joint to relisve completely the bending that
would exist there if the ring were continuous, Therefoare
a ring with one pin joint may be rsadily anelyzed in two
steps ¢

(1) Pind the results whiah would exist if the ring
were continuous instead of pin Jjointsed

(2) Superimpose the results for a Yrotation loading"
applied at the pin joint where the amount of rotation is
determined so as %o reguire "end" couples exactly equal
end opposdite to the bending moment found at the pin—joint
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location in step (1). Examination of the formula for
bending moment due to rotation loading, as given in flg;
ure 35,

End couples

required by-j;
60—

indicates that the required rotatlion to each sido of the
joint would be

(Moment as found in step (1))

W

5¢=_
(0m8¢ at © = 0 for propsr value of d)

A

(Fote that when this exprossion for 6§¢ is inserted
in the formulas for bending moment, axial load, transvoerso
shear, and shear flow, the Bl-term cancels out,.)

Analysis of freg rings.— The term "free ring' is used
to indicgte any circular ring for which the completo load-—
ing system is independent of the relative flexibility of =
the ring. The "complete loading system® includes both the
applied and the #eslsting forces.

Primarily this report has been concerned with flexi-
ble rings externally loadsd aznd supported by shell struec—
ture, It has already been shown that the supporting
portion of the complete loading system on such a ring is
dependent upon the stiffness of the ring relative to the
shell structure. Therefore any shell-supported ring other
then an infinitely rigid one is not classed as & freo
ring.
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However, the analysis of free rings may be readily
acconplishaed through the utilization of the 4 = O
resulte for ordinary shell-supported rings.

Coneider & free ring in equilibrium and loaded as
shown 1ian the accompanying sketch, 3By suporimposing the
shoar—~flow patterns &s obialned for both loadings, by ' o
using the 4 = 0 c¢urves, the net shear flow is found to
o zoero, This same phenomendén is true regardless of the
nunber of applied loadings, their positions, or their
typo as long as the complete loading system is in equi-
livriun and remains coplanar.

Thorefore, ring bending moments, axial loads, and
transvorso shears for any free ring mey be reoadily ob-
taincd by application of the & = 0 curves.

However, the preblen of free-—ring deflections re—
guires additional developmont. For example, consider the
d = O curve for radial deflections due to radial loads.
(See fig, 15.) From the expression for d (see section
ontitled "Relativo-Stiffness Parameter®), it is secen that
in order for 4 to e zero ons of the %two conditions
must exisgt}

(1) The ring must be infinitely rigid.

(2) The thicknoss of the supporting skin mugt be zero.

If the skin thicknoss becomes zero it is noted that
X also becomes zero, Since X 1is in the denominator of
the oxpression for AR, the value of AR TDbecomes infinites
Such & valuec has no significance in free-ring analysise.
Therefore, the d = 0 o¢gurve in figure 18 is of usec only
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in case the ring is infinitoly rigid (for exumple, a solid
plate) and would then give purec translation doflections,

Thug it ls apparent that the deflectiions for free
rings must be obtained in & manner which bypasses this
tendency to become indeterminate., Basiecelly the entire
mathematical analysies is indeterminate for 4 = 0, Therec-—
fore all & = 0 wvalues for bending-moment coefficients,
and so forth, are obtained by using 4 = 0.,010201 whiech
approacheg d = 0 very closely for all practical purposes.
The rogular calculated deflections consist of (1) pure
translation deflection of the ring &s & whole, and (2)
the distortion deflection of the ring itself. ¥When 4
Becones zero, the distortion deflection also becomes zero,
When 4d = 0,010201, some distortion deflectlon still reo-
meing but is very small relative to the btranslation deflsc—
tion, ¥or any froee ring whioh is in equilibrium, the
total translation deflections ate zero since there is no
tendency for the ring to shift in space. Therefore, it 18 not
necaossary to evaluste any translation deflections, and the
distortlion deflections becomes the desired results. Since
the bending moments in a free ring may be found quite ac—
euratoly by using & = 0,010301 ingtead of & = Q, +the
distortion deflections for 4 = 0,010201 are satisfactory
for froe-ring deflsctions.,

Heasonably acecurate values for distortion deflection
coofficients have been obbtalned by using six to ten sig—
nificant figuree throughout the numerical solution for
defloction ccefficients {(when 4 = 0.010201) and then
subtracting the pure translation deflection coefficlents
wyhich are obtained by simplie geonmetry,

The formulas for actual defleetions of free rings
ere the same as the formulas for the deflections of shell~
supported ringe except for the followlng considerations:

(1) The value of X is obtained as follows:

3

d_:z—*

51
Then

X = 0.010201 §-§—-

o)
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The value 0.010201 has been combined with the distor-
tion deflections and the resulting values are plotted as
deflectioh coefficients for free rings. {(See figs. 18,
25, 34, and 6%7.) The formulas for the coefficients to be
used to find actual deflections are presented with the
curves,

Lockheed Lircraft Corporation,
Burvank, Calif., December 16, 1943,

APPENDIX
SUMMARY OF ASSUMPTIONS
The assumptions upon which the mathematical deriva—

tion is bassd are

(1) The frame is of constant initial curvature and
" constant flexural rigldity

(2) The supporting skin is of constant thickness and
continuously attached to the frame

(3) The skin shear flow is proportional to the tangen—
tial deflection of the ring with respect %o
Prigid structure

(4) The frame gcomplies with the assumptions for the
flexure theory of curved beams with uniforn
rectangular cross sections :

(5) A1l loading is in the plane of the frame

(6) The distortion of the frame, under loading, alters
the skin shear—~flow distridbution but does not
alter the geometry of the frame

(7) The skin shear flow acts along the elastic axis
of the frame

(8) The frame undergoes no axial deformations

(9) The structure is loaded within the elastic 1limit



¥ACA TH Ho. 8929 29

Solution of Differential Equetion

Phe solution of the differential sguetion

e % 3
as® ae®  ge® I

may be readily obtained by writing it in symbolic form as .

(D% + 2D* + D® ~ A)m = O

and noting that{ the asgociated equation is of & quadra-
cubic form with one pair of real roots and two palrs of
imaginary roots.

The roots, 28 determinad algebraically, are

r = x¥
and

r = =83 ig

where i =,/=1 and ¥, B, and O have the values con-
puted on form 1 and plotted in figure 3 for various values
of the relative—stiffness parameter d,

The general solution is then given by
o o= cle'YB + Gze-'\’e + cse(ﬁ-l'ic')e + 346(3—10‘)8

+ cse—(ﬁ+ia)e s cse—(B—ic)e

which may be expressed in terms of real functions as

n o= Gleve + cge—we + anse cog T8 + G4e_ﬁe cag o8

+ GseBe sin o6 + Cﬁevﬁe sin o (12)
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where Cis4s Og 8are arbitrary indepsndent constaﬁts, to
be determined by the conditions of eontinuity and equi~
libriume.

Bxpresaions for Shearing Force and Axial Force

Acting on a Ring X-Section

By rewriting equation (3) in the form

8
an o R(HAsin.e-—-AcoaG—sinB cos ¥ 4F
ae \ o
8
+ cos B jp sin ¥ d#)
: “o R

and noting that the shearing force on a ring cross sectioﬁ
ig given by the expression in the brackets, it may be con~
cluded that

s =28 (18).

Similarlv, equation (4) yields the expression for
azial force

a,:x-——bﬂ--—z - 16
B as (16)

the minus sign resulting froem a tension force being con-
sidered positive,

Expression for Skin Shear Flow g

The expression for the skin shear flow gq comes
from the egquatlon

3
ar - 1/ am | am\
ase R \ae desj (17)

where q 1is expressed in pounds per radian, -
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Expressiongs for Component Deflections

The tangential deflection is obtained directly from
the third assumption,

AT = &
K"

Substituting equation (17) yields the alternate form

x
AT = — = (&8, & ﬁ) {18)
KR \dg -

Tho radial deflection of a ring cross section is
given by

8
a8
AR = Ax sin & + Ay cos 8§ + u/‘ﬁ%? {sin (8 = V)] as .
, E
whencs .

2 2

AR + & (AR) L mR

ae? EI

Substituting equation (9) yields

a® (ar) ag | 2
ae K “~g¢ U
whence
AR = —~ 3‘. i‘g.'
X ae

or substituting the derivative of equation (17) gives

AR = -...( 4.L 4 .-§> , (19)
a8 ae
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The rotation of & ring cross section is given by

Substituting equation (9) for m yields S ——

e T ———  TEr——

Ap = — 1 (da . g:..%) ae ‘ e

. RX \ 48 ae _ ———-n——uﬂ-

whence - : ‘ c -

2
- 1 g.> 4. 9a
[§¢ T e + = L ._._ -
RK (q ae Kq" a3

da . T ST =
But -~— {(q . + -——9-9> is initial rotation at point A “with o
RK 0 ae® ad X S
respect to rigid structuro; therafore, & = — A q + -—9:> S a
RK aez/_ =
"absolutel rotation in radians or, by substituting equa— ool
tion (17) in its second derivative, -
3 -3

Ap = —2— (4B + 0.1 4 4K (20)
R K 48 ae®  ae® N
Hyperbolic Trigonometric Integrals o e
f sinh ax sin bx sin x dx - . ij
s —m-t—— Jg cosh ax (a sin bx sin x + 2b cos bx cos x) B
a® — 4b e

+ sinh ax [(2 ~ &)b cos bx sin x + (2b° — a) sin bx coé'_x-}}
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o f sinh ax sin bx cos x dx
= . a cosh ax (& sin bx cos x — 2b cos bx sin x)
o ~ 4p° . L.

+ sinh ax [(2 — )b cos bx cos x -~ (2v° ~ &) ein bx sin x-i}

f gsinh ax cos bx sin x dx

= —smmg {a cosh ax (o cos bx sin x - 2b sin bx cos x)

-
+ ginh ax L(Z’ba - a) cos bx cos x —~ {2 - a)b sin bx sin x]}

f sianh ax cos bx cos x dx

= -———1———-5 a cosh ax {a cos bx cos x + 2b sin bx sin x) o

«® - 41 LT

- .
- sinh ax L(B‘b2 ~ &) cog bx sin x + (2 = a)b sin bx cos x]}

It should be noted that
(L) &« = a® + b°® + 1
(2) 6®F may be substituted for sinh ax and cosh ax

(3) sinh ax and cosh ax may be used interchangeably
in these formulas &s long ag work is consistent

f sinh ax sin bx dx = —-5-&--5(3. cogh ax sin bx — b sinh ax cos bx)

" & + b

) [ sinh ax cos bPx dx = ....._E..._.._(a cosh ax cos bx + b sinh ax sin bx)
az + ba . L

f sinh ax 4x = S28B &X .
a N
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Diseussion of Computation Forms

The computation forms used in order to obitain data
for plotting the curves contained 1In this repori are
listed ag follows: '

Form l: Solution of Auxiliary Equation

Form 2: Hyperbolic and Natural Functions of 6 for
a Given Valuye of d.

Form 3: Evaluation of Integrals for a Given Value of ¢

Form 47 Final Constants for Type of Applied Loading
Form B: Final Coefficients for Type of Applied Loading

The primery funection of form 1 is, as the title indi-
cates, to evaluate the auxiliary equation which is associ-
ated with the symboliec form used for solving the gensral
differential equation (11), The relation between the
various gtiffnesses & and the damping and frequency pa-~
rameters are obtained on this form. In fact, the plot of .
the damping and frequency parameters against d (see fig.

3) is based upon the results from thig form.

Form 2 serves to evaluate the various hyperbolic and
natural trigonometric functions of € which are needed
frn the conditional equations of continuity and equilibriun,
(See equations (21) and (22).) Since the damping and fre—
quency parameters Y, B, and < depend upon the relative-—
stiffness parameter d, &a separate form 2 must be used for
each value of 4.

Forn 3 is used t0 evaluate the integrals which are in-
volved in the conditional equations of continuity and equi-
librium, The angle ¢, referred toc on the form, is spe-
cifically intended to cover the case of partial rings as
well as Gthe complste rings with which this paper deals,

For a complete ring, ¢ is 180°% and remaing at that value
as far as this report is concerned. The data for form 3
are obtained from the form 2 for each value of 4 Dbelng
considered, '

Porm 4 is used to obtain, from the conditional squa-—
tiong of continulty and equilibrium, the coefficients of
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the hyperbolic functions which are used in the equations
for the final load coefficients, Form 4 differs slightly
for each type of loading that is applied and is so desig-—
nated by subseripts V¥V, R, X, and so forth,

Form 5 is used to determine the final nondimensionai”
load coefficlents which are plotted ageingt & for each
valuse of d, thus yielding the curves in figures 1l to
31‘
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SOLUTION OF AUXILIARY SYMBOLIO EQUAYTION

k
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ste “on 3t oI

.1 .01 0001 1.00000L [1.006 [1.0075 11.003743] .100374% 1 ,0008748
8.0 | 4.0000| 16.0000 |64.0000 | 3.0000 [4.0000 ,0000 | 4.0000 |1.33333
1.7364| 3.0161| 9.08074 |27.4095 | 3.50755|3.26133| 1,80601 | 3.13678 |1.86054
1.35 | 1.5685]| 2.4418 |3,81493 |1.78125|3.17188}1.47373 | 1.84816 |1.03419
_1.992 | 3.9681] 15.7455 |63.4792 | 3.98405|3.97608|1.99401_| 3.97207_]1.33120_1_
3.46 | 6.0516 | 36.63186] 331 .6208] 4.036801 5. 53670] 8. 36344 1 5. 789468 1 1.43309

2.5 | 6.3500! 20.0635 |244.141 [4,1350 [65.6875 13.3848 | 5.9818 1. 446288 1.

.0 | 9.0000] 81.0000 |789.000 |5.5000 |7.7500 |3.7839 | 8.3517 |1.51849 !},

*3.063 | 9.3147 5.6574 [7.9860 }23.8260 | B.8350 1,52455 |
| 2.3 _|10.2400)104.8576_|1073.74 |6.1300_|8.6800 13,9463 _| 9.4378 _|1.54049
3.4 ~]11.5600}133.6336 | 1544.80 | 6.7800 }9.6700 [ 3.1007 | 10.5730 |1.55044
*3.452 |11.9163 6.9582 [9.9373 | 3.1524 10.8821 |1.58393
1 3.8 liz.es00l187.9616 12176.78 | 7.4800 110.7200) 5.3741 11.7888 |1.57578
«3.885 |13.57093 7.7896 |11.1844|3,3443 | 12.3337 |1.58307

#3.900 [15.3100 | 8.6060 [13.4075( 35,5324 13.7374 |1.5964d

3.8 _{14.4400 [308.5136_| 3010.94 |{8.3300_|11.8300| 3.4385__| 13.0701_|1.59004_|
4.0 |16.0000 |356.0000 |4096.00 |9,0000 |13.0000|3.6058 | 14.4234 |1.80248

*4,060 |16.4800 9.2400 |13.3600|3.6558 | 14.8401 |1.60807
4.2 ]17.8400]311.1608 |5489.03 |9.8300 {14.2300|3.7733 | 15.8437 |1.81341
|_4.4_]19,3600|374.8098_| 7256.31 [10.6800]15.5300]3.9305__| 17.3338_|1.62301_| 56%31
4.6 ~]81.1600 447, 7456 ['9474.30 11,5800 16 .8700[ 4.1075 | 18.8936 | 1.65167
4.8 |23.0400|530.8416 |12230.6 |13.5200|18.2800|4.3756 | 20.5334 |1.6381%
5.0 |25.0000 |685.0000 |15635.0 |13.5000{19,7500|4.4441 | 23.8305 |1.64568
5.367 |28.8047 [839.7107 |33899.6 |15.4024|32.6035(4.7543 | 25.5163 |1.65864

ar mame loanmas sceme] acmacrw nry Aananlo~ sl v ~Aama & e oy ]

D-.700 |%0. (Las |6UYE, 3000] JOUEDI,. L | 89,0060 | 0D . 350U} D AI%E0% . oUTL 1.68363 Dif"’.l.f"li_‘_'[

%o not follow operations but were read from curve of other values.




Form 1 (conttd)

*oN NI VOVK

628

. o . 2.2 /2 2l afa _al '
/8 gin @/3 [cos @/ a 4~ |.Ja +b Jja +b o B d
2 ~3 [

s W@ | VO | @® o+gg>
2.861747 |.0497518(.998763 | 1.080100 {1.01000 {1.00498756{ 1.003744 .010301
280331289 | 44710 | .89448 | 25.0000 |5,0000 3.33607 | 8.000123 999?5 100.
25Y40!35%) .43338 | .90135 | 16.1200923 |4.01509 | 2.00377 | 1.80590 | .86820 48,61
23%68'54%| .39043 | .98064 | 6.56637 [2.56340| 1.60078 |1.47374 .62500 [10.2808
26033130% | .44685, _| .89460 | 84.68189 [4.96800| 3.23897_| 1.99404_| .99600 P7.9383
370356'36%] .46315 | .B86387) 49.72401 7.05159] 8.65548 | 3 35350 | 1.23000 [300.9168

37°39'36"] .46423 | .BB572 | 53.5587 {7.2497 3.69353 | 2.38483 | 1,24906| 329
88°191 .47434 | ,88034 { 100.0009 {10,0000| 3.16228 | 2.78388 | 1.50000] 900
2B03318" 47514 LB7T99L | 106.3968 [10.3148 3.21168 | 2.83599 1.53600 ] 1000

28030'30% | .47734_| .87877_ )| 136.3378 J11.8400| 3.35361 | 3.84617_| 1.60000] 1294
380391539 47968 | .87745 | 167.7587 [13.5601 | 3. 54401 3.10969° | 1.700007 1824,
2B°42'6" .48085 | .87714 | 166.8366 |12.9165| 3.59395 | 3.15340 | 1.73599 | %2000
28%4g12% | .48176 | .87831 ) 194.8791 [13.9599 | 3.73630 | 3.27416 | 1.80000| 23528
28°51'8% | .48355 .87587 | 213.5b614 [14.5791 |- 3.81B36 | 3.34430 1.84350 | »3000(
2895511%_| ,48354_| ,87533 | 338.3050 [15.4401 | 3.92939_| 3.43947_ | 1. 90000 | 3443
28958'7% | 48433 | .87486 | 263.7622 [16.2009 | 4.02615 | 3.53340 | 1.95000] -4000r
209113.5%| .48507 | .87447 | 369.0056 (17.0002 ] 4.13313 | 3.80556 | 2.00001| 4834
3908'46' .48551 | ,87433 | 305.6068 [17.4816 | 4.18110 | 3.65524 | 3.03997 | *» 5000
20%+16% | .48641 | .87373 | 347.4552 [18.640L | 4.31742 | 3.77236 | 2.10004 | 8189 i
39°10'50' .48757_1 _.87309 | 414.5330 (30,3598 | 4.51318 | 3.93954_ | 3.20000 | 8035 8000
2991451 .48858 | .87353 | 491.0645 [33.1600] 4.70744 | 4.10734 | 3.29996 110391
R9018'36%1 .48949 | .87301 | 577.91903 124.0399 | 4.90305 | 4.37551 | 3.39939 | 13315
3903134%] ,49039 | .87156 | 676.0006 186.0000| 5.00001 | 4,44409 | 3.49999 | 16900
290361 34%| .491554] .870847] 888.3155 5.45935 | 4.75426 | 3.68357 | 35588
39038143% | ,494635| 3 6,.83851 | 5,94340 | 3,38350 | 100088

*Do not follow operations but were read from curve of other walues,
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HYPERBOLIO AMD NATURAL FUNCTIONS OF © FOR A = 1000 Page A 9
ras. . g ; ol General
P=1,688 yw=B8.058 K= p(.0075798675) = 01168668 ¢ = 2.5 Report 4833
Ol & ® @ ® O]
xsi be i ore o 2 °® 2070 .Binh B0 | Cosh B6 - {Taah o
DX, RAD.
ANItoe
!@ -1 o +1 ‘1
. i ) F] my o — |
{5 ®° | =20 3® )Gj T® o+l
.1.000000 1.00000 1.00000 2.00000 2.00000 000000 1.00000 .00000
5| 0578344 | 1.14344 1.30617 1.70347 2.328488 8.810%34 - 13356 1.008688 13339
10| .1l156888 | 1.30518 1.70349 3.90188 3.61038 3.40698 26950 1.03588 28032
15| .173503 | 1.48109 3.38335 4.94339 8.08318 4.44870 410820 1.08087 37053
20| .331338 | 1.70348 3.90184 8,43088 | 3.40696 5.80368 .55833 1.14586 | 48743 _|
85],880173 | 1.94613 3.78743 14,38465— | 3. 7.87484 .716814 1.33998~ |.59284
30] . 2.23334 4.94324 43568 4, 0.88648 . .88678 1.336856 .86348
35) 404841 | 2.54004 6.45180 41.83573 5. 18.90380 . ]1.07317 1.48687 73181
40| .482875 ‘| 2.90180 AR044 70.90381 5.80380 16.84088 1.27859 1.63381 78770
__45] _.520610__| 3,31531 10.99083 120.70373 .83048 | 81.98134. 1.506%9 1.808435 |.83320
50].578344 | 3.78743 14, 34463 205.76841 7.57488 $5.68088  |1.76170 2.03573 86966 |
55] .836178 | 4.33691 18.73315 .51890 .66388 37.44430 2.04790 2.37901 - 89859
60| .694013 | 4.94335 #4.43573 597.10441 9.886650 48.87144 2.37048 3.67877 L93137
86 -.751847 -| 5.84738 31.89390 1017.15%07 11.28476 83.78580 23.73515 3.01383 93980
| __70] .809688 | 6.45183 41.68598 1732.78331 _ |13.00364 83.85196 3.14841 3.30341 5308_|
75| .867516 | 7.3760% B4.33013 20651.65437 14.74166"  1108.858386  [3.61788 3.75385  |.963a5
80| .9a5350 | 8.42074 70.90866 5088 ,06643 16.84148 141,81773 4.15089 4.98975 ,97919
85| .983186 | 9.620a8 93.54863 8565.34891 19.24044 188.087a8 475024 4.88208 97668
90]1.041029 | 1.09903x10 | 1,20787410%| '1.4589 2.19808%10 | 8.41574X108| ,54497X10 LH5407X10 |.08358
|__95611.008854 ] 1.26661x10_| 1, 576566x102] _3,48554x10%) 2.51183x10 | 3,1531803) ,823824x10 | .63178x10 |.08739
T 100]1.156688 | 1.43446x10 | 4. -05788x108] " 4.23406)104] 2.86883x10 | 4.11538x10%] ,TL375x10 | .78078x10 T,90033
105]1.214523 | 1,63878x10 | 3.808683x103| 7.31261x104| 3.87758x10 | 5.37186x102| .81834x10 .83R45x10 |.09358
110]1.373357 | 1.87333x10 | 3.50581x108| 13,38660x104{ 3,74444x10 | 7.01048x108] .93344x10 .83876:10 |.90431
116(1.330191 | 3.13899x10 | 4.57628x10% 20,.93319x104| 4.,87798x10 | 9.15056x103]1,08716x10 |1.07183x10 |.99584
120 |1.388036 | 3.443568x10 | 5. snoaxml 35.66880x104| 4.88718x10 | 11.94816x10%(1.31974x10 |1.23384x10 |,00666
| _13611.445860_ | 3.79164x10 | 7.79¥86x10 i_eo LTE475%10 4_5_568326x10 | 15,58650x108(1,39403x10 _|1.30761x10 |,09744_]
13071.503694 | 3.18929x10 [10.17187<102] 103.46084x104] 6.378568x10 | 20.34314x10%(1.50306x10 [1.50631x10 |.09804
135(1.581529 | 3.64359x10 |13.R75756x103| 176.84554x104| 7.38718x10 | #6.55150x10%/1,.83048x10 |1.83317x10 |.99849
140(1.619363 | 4.16254x10 [17.33674x103| 300.21598x104| 8.33608x10 | 34.85348x1(%(8.08007%10 |2.08247x10 |.99685
.145(1.877198 | 4.75561x10 [23.81488x102| 511.43880x10%| 9.51108x10 | 45. a:mexmt 2.37670x10 |2.37881x10 |.9991B
| _150(2.735038_| 5.43800x10 |; 29.51640x102, | 87.81787x104/10.88580x10 | 59, } 3. 7156310 |2.7173PQ0 |.09938 |
155]1.792868 | 6.30878>10 |38.58413x102{1484.10788x104[13.41356x10 | 77.04884x10873.10858%10 |3.10420x10 |.80948
180 1 860701 | 7.09088x10 m.aeosexmt 528, usvmm 14.18178x10 1oo w.mxm 3.54473x10 |3.54616x10 |.99980
165]1.808538 a.1oogexl.o 68.682804x10% 4306 . 7771.3x104/18.20198x10 4.04088x10 |4.05111x10 |.99970
170{1.968370 | 9.25487x10_|85.65268x10%|7336.37131x10%|18.50974x16. | 311. aomxm' 4.83689x10 |4.6879010 |.99977
175/23.034804 | 1.05735x10% | 1.11799%10 1.24900x108| 2.23490x10%|  8.23808x104| ,52863x10% | 538710 | 0008
18018.083028 | 1.20708x10%|, 1.46007x104| 2.12890x10%} a. usuxma 12.91814x104] .80393x102 |: .80400x10% | .09008
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Yorm 3 {cont'd) : HYPERBOLIO AND NATURAL FUNOTIONS OF 2 FOR d = 1000 p:g. A9
! Nodel Gen
#=1.538 g=3082 IX= §.0075798675) = .01166688 ¢ = 3.836 Report La%"l
o |TWOBY9| 60 {Blnoge |Oos go| Binh ¥o - fSink-PM  |(Coab pe) |Oosh ye {Cosh ge) {Binh 88)
1% Hoox 88) |(8ins o) {cos g8) (sinae)
(8) - 1 £{6) r1 _ +1
3l @ i @ Q2L | 0 @ e 0@
. T s .. N . Pl & P TS 4 - PO [Py -
6| 00000| .00000{ .00Q00 1.00000 | 00000 .0C000 . 00000 1,00000 1.00000 . 00000
S| .3802L( 14.130] .24413 | .98074 | .0649 .12962 4829 1.03658 .97836 .03380
10| 48743 | 98.280) .47347 | .26081 | 56833 .R3738 49085 114688 | 61384 .12760
16| .68349| 42.300] .87417| .73867| .BEET . 30898 . 78860 1,33856 . 79830 87660
|80 .78770] 56,500 .63408 | .55185 ) 1.237062 . 30704 .BE524 1.63323 63178 48560
. R6| .88088T 70.660] .94361 | .38134 | 1,78169 23789, 1.18080 2.08673 . 40764 67569
20| .0137| 84.700| .99566 4-.05098 | 3.37047 .08068 1,33108 2.59277 .12180 .88%511
25| .95308| ©98.910| .08703 [-.165468 | 3.14840 *| -.18831 1.44815 3.30340 -.22710 1.06023
40| .97419(113.040] .9a084 |-, 30137 | 4.15084 ~. 50040 1.40374 428960 ~.83538 1.17661
|___45) .58358)137.170 ] ,79804 80418 | 5.440E4 ~.91037 1.44103 B.54080 -1.08384___| 1,20067
50] .990357141.300] 83534 1- .73043” 7.13748 ~1.37488 1.35651 7.20M7 -1.68084 | '1,10040 ]
65] .68431)166,430| 41580 |-. 9.3343Y -1.86346 24761 9.38778 —,07865. .U5188
60! .996866 (169,560 lv.10181 |- aaua 18.19740 ~-3.33186 | 4.48631 1R.33838 -2.53019 4-4B0BB
65| .50904 [183.680 [-.08436 |-,09703 116.95077 =, 73049 - 18743 15,98313 ~d.908320 =.176Q3
| 70| .©0865/197.680 |-.30608 |-. 85808 [20.80006 .2,00735__ |~1.01004 2082800 -3.14491 -, 98361 _
75| . 9958|211 960 |-, 58918 |-. 04851 [47. 16636 -3.08065  |-1.98614 87.1T877  [-3.18467 | Jn0MIE
80| .00960|226.080 |-.7203]. [-.69385 [35.44738 ~3.87933  |-3.0755% 35.48148 -3.66171  |-2.99000
65| .99977|240.210 |-, 88766 |-.40603 |46 . 28891 ~8.26304  |-4.21088 4837978 R, 41668  l-4,18035
- 90| ;ooeeg (B84, 340(-, -.26903 | .00%8ex10%| -.14710:00 |-4.53360x10 | .603VEX10% [ < 14856x10 |-w 58474210
_95__-999934868.470__-.99984}- 03670 ,78636x103) —.01866x10 ] ~ 63168x10 | .78831x108]) -, o 710 ~.68380x10
100| . 99995 | %82, 8009759 . 71814 | 1.02882x10K +.18570x10 | ~. 70837x10 | 1.08887<102 | + 1578810 | —.68656x10 |
106| .29997|496.780|~,80314 | .44970 | 1.34300x109| .36718x10} -.73456X10 | 1.34R83:x108 seeeaxw -, 78911x10
110 -.00998{310.880 |~. 75631 | .86431 | 1.78250x102 | .B1087x10| - 71001100 | 1.7598%x102| .61418x10 | -.70597:10
116] .00998|334.900[~, 57378 | .81008 | 3.38785:x103| ,07400x10 | -.61403x10 | @.807%85x10% | .87791x10 | -,61336%10
120] .09999 (339,180}, 36641 | .03433 | 2.98583x102 | 1,159684x10 | -.43619x10_| 3,98566x10% | 1.14%47:10] ~. 4347810 _]
185[1.00000(353.250 -, 11754 | 199307 | 3.89682x107 | 1.38437x10 . 16428x10 | 3.80683x107 | 1.33782x10| —.16305x10
130]1.00000) 367,560 |+.148465 | 80173 | 5.08678x10% | 1.567080x10 | +.30503x10 | 5.08579x102 | 1.58800x10 | +.70483x10
135}1.00000}381.510] , 38888 | .93035 s.esvamon 1.80383:10 | .85848x10 | 6.83788x10R | 1.69618x10| .G67468x10 | -
14011.00000{395.640| .B3#80 | ,81280 | 8.68337x102] 1,69045x10] 1.21343:40 | 8,88337X108 | 168240510 | 1,21304x30
| _145]1.0000014008.770] ,76346] .64586 [11,30744x103] 1, 63502x10] 1.61823x10 |11,30744x108 | 1.5383ax10] 1 A14863x10 |
150[1.00000(425,500] 85805 T 42994 14, 7680x1C7 | 1.19467:10 | 2.44088:x10 | 14, 75880x10% | 1.19548x10] 8. 43883x10
185/1,00000|438.030| ,07835 H-.20740 [19. 88306108 | ,64348x10!] 5.02871x10 |19.86R06x10% | +.84581x10| 3.03513:40
18011,00000|458.160| .99989 |-.02789 [85,14039x102 | =-.15380:10 | 3.54363x10 |25.14080%10% | —.13386x10| 3. 5424110
186{1,00000{ 466.290| . .95945 |-, 38050 [33.91308+103 | -1, 135669x10 | 3.868848:10 |38.81308x102 [-1.13634:1.0] 3.58728x10
| .170]1.00000/480.4230] 66234 |-, 60833 |42.83631x102| -2, 34273:00 | 3,99089x10 | 42,88631x103 |2, 34320x10] 3.98995x10
1765]1,00000[494.550] 713841, 70153 .56689x10%] -~ 37085:109 .37879:10 55599x104 -, 87091x10% 3787107 ]
180]1.00000|508.680] .51983 |-.85428 | .7ae54x10%| -.51503x109 .31397x103] .7TA9E4x10%| -.51699X10% .31393x102
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Foru 3 EYALUATION CF INTEORALO FOR ¢ = t00°
@ 1 6@ | ® ® | © ©®
p o d ; ad
a +1 ®
000 1.69500 | 11.21405 3.69600 5.85300
000 1.78800 | 13.p1418 3.15200 8.30400
000 FAN 1.84300_j 15.077i4 __| 5. 54400 8.86600 AN
000 1.96000 | 19. 3.63200 7.04400
& g.oaooo 18.47093 3.85600 - 7.%1000
tan g tar 6 [tanp vam op |  tanh pp Bn,._.[_;""-"“‘- e 'k,.[: cosh p3
ain 96 A0 cos ¢9 Ao
e® | @@
‘. @@ 8. | B3
) ~.B0GIY ] — et | - -
0 +.51748 o ;96008 -3.850% +5.36698
0 1.87438 0 90098 _ . 10961 8.1105
% 0 “14. 4556 0 o0e09 ~31.50079 45,0272
5000 9 -1.g8388 g 1'm ~7.486%8 4.8 |
@ @5_ ® ©) & )
: cosh g [ Pooan
(3-d)¢ | o- 22 | potanh pp | 200 twnk fAg t[: . *“ﬁ# o
: [}
' O:B06:F @O | O® |(VVOBlLE
. FADEH+EH | +(HED+(33)
10607 —36. 4, 85760 | . | o.5at S04 .
2000| ~37.56350 | -5.95603 | 34.00481 10_880396 13.0632Y AT TML
3000 | ~46.40196 | -8.78753 | 29.y0031 13,383 35.04480 113.50084
ﬁ 53558887 -7.60180 |  33.55327 15.73586 98,0198 | -740.13685" |
-60.33414 | -8.3381a | 2v.51388 14.82915 ~. 3008 7624014
= : | A,3%600 1 54807
@ [©) €3] ()
.L .
peL 30p°  [5-a)d tman pe|(c-50%)tanh pp M slah §9 "'—r: simh g8
[ @@ | @B | @@
000 | 17.M0801 | B.644M5 | —48.540%8 ] . 5. O0E1E &. 6303 :
aoutey %g.aoo-m ~37.55400 -5.85570 R . .
|38 55881 | 13,7380 -53. 50844 | -7.80191 | "200.03810 | —-534 387810,
G000 | 37,51426 | 14.82630 | -60,23354 -8.33604 36,0473 -131.00697 17.
000 | | 17,33600 | -78.29368 | ~6.B9360 12,00063 -8 2528

0
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rorm 3 (oont'd) OOEFFIOIRNTS OF ROUNDARY Page A:1l
o Nodel General
CONDITION EQUATIONS FOR ¢ = 180 Heport 4338
® & @ ®
1
‘]é'.[: cosh 0 Jé'_/_‘g cosh O Tj_‘: winh pO "* 5 4y
coa €& d6 cos 0D cos 0 d@|ailn d0 con 0 &0 i
) -GO
| @@ @ | 90 | ge
+@® (@)
ho000 | -.216064x10%| +.66938 T19.77718 . 070%8x 31.48161 31.48046 K A X )&
000 { -.683063x104] 28.39197 -18.41852 .66816x1 -44 . B7608 44 BBTOT
000 | -1.34713x104 | 44.18318 3.25048 .69B30x% -53.71204 B53.73443 A
o1 -2.52962x10% |~ 47.45808 | 34,5108 | 1.0GDLaxL -83.20137 [ " 83.31900
000 | —4,03006%104 | 38.42948 43 .64399 1. 4604x1, -70,96108 70,96243
000 | -10.88669x10 ¢ | —40.68605 108.58418 -1.41840x10-] -B9.B077G 89.58400
(GY
COEFFIOLENTS OF X'8 FOR ANTISTMMYTAIOAL LOADING OASES
- HOHIZ. EQUILIBRION EQUATION MONENT EQUILIBRIUM EQUATION VIRTIOAL DISFLAOKMENT EQUA.
For X, For K, For la For K, For K, For xs For I, For X, For la
" @@ -®@® OIC) -®E |-OE@-(DED ROIOEDIE) -@® |[-B®® _
-@® |- -5 2ol -2 - ED)
000 A 6.79844x104| +31,06808 —6aB.61731 ~. 720852104 +51,59042 -~51,40532 -.070738x104| _5.31036 | -5.10031)
000 30,54481x101| 1286.71183 -731.88337 -2,54317x104 100.B63579 53,06114 -.108451x104] -.21268 | -5.13408
000 7a.37335x104| 3875.16681 | 176.3@377 _ | -65.32903x104 78.835688 _ | 144.05141 -.28567x104 | +6.33833 | -o.73384
000 159.28153x10 %[ 3908. 91985 3181, 71877 | -10.47223x10%[  -15.800B1 830.35014 | -.646033x104[18.21037 [ -6.16041
000 385. 3668010 4| 258403308 4445,91 345 -17.313814x10% ~13%,75307 359.97933 —'op0168x104| 17.33001 | -.34410)
976, 3738410 4|-3633. 53137 9632.230131 —50, 37577104 442, 04470 9410048 ~3.474248x10%| 1834158 | +19,364a3]
E - ®
COKFFICIENTS OF X'8 FOR SYMMEXTHIOAL LOADING CASER
VEATIOAL EQUILIPRIUM KQUATIOR ROTATION BQUATION HEDRIZ. DISPLACENENT EQUA,
For X, For X, For K For ‘L Tor lz Tor :[;3 rorLL For la Tor X
-BWE | W
& -4 (e (3 (18) (39) -@8)+ -(88)+(12) |-(67)+
@® | o6 | o6 | & | ©@® | 00 | ®6 [0 loe
000 )& 2.23888x10 4 |-167. 46421 -37.87819 . 23804101 +.96940 +18. 77063 -.45000u10%|  ~.20021 | —2a.85878
000 8.84835x10 1| -9.41949 —408 . 71607 . TA354x104 -28,13588 17,68810 -1,48750x104| +54,52859 | -34.0048
000 19,84004x10 4 | 340,19574 ~-583, 84182 1.44831x104 ~42, 753584 -, 57779 -3.70243<104| £6.93672 | 3.837
000 40.3415031:161“834 92001 [ -380.80833 | 2.83BL7x10% [ -47.70700 |  -30.90042 =6,80488x10 95,16308 [ 85.413
000 ; E 70.33616::104 -24,18458 4.3639431!10: -38,38010 -58.98193 :z? aa:ses;lg: ?,é 81958
gebraia u%%ue 0 Te a wre only m¥Teat n the Zfh significant ;ignra.

na,
the figuru are coneidersd eufficiently agcurate to sliminate the nncen:lty of ravilion.
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Form 4V FINAL CONSTANTS FOR UNIT Page A31ld
Ref. code: Model @General
VERTICAL LOAD Rept. 4333
(cd)Form
. ' ¢ = 180°
VALUE OF DETERMINANTS
K;' Ka® K3' D
d RCOEME DEEOE @:;E@; | OEDx@EDs
~ED3ED3 "iaisiiDPS -(68)3ED3 ‘*C:”ﬂ!’z
1000 -31, 74358 +.673764x10% | 4+.389359%10% -819,65057 %104
2000 -70.17941 +.14405x10% 3.17738%10 -1914,57969x104
3000 -113.83245 -3.93587X1.04 6.30977%104 -6869,66386X104
4000 -180.05685 -14.81658x10% 7.23874x10% | -23537.92335x1.0%
5000 -355,08968 -30.00843x10% 1.08575%10% | -54860.356%104
8000 -543. 79831 -71.37583%10% |-83,70345x10% |-367921.49941x%10%
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Yorm 4V (cont'd)

® @
MOMENT OCHSTANTS TRANS. SHEAR OONBTANTE
Ky Kg Ky Ky E3Biz0 ~Ego + Kap
a 5 @ 5 @ 5@ | aDs® ®,® -©:®
® ® ® +HB3(® +@3@
1000 732570:(19«5 -15; 3373x10-4 -8.,40580210% R.20538%10-5 -47,1588x10~% 30.5180x10~4 °
2000 .183376x10-b -.376192x10~% | -9.39769x10-4 .632889x10~5 | -B6.80331x10-4 | -13. 1asaex10—4
3000 ] _ ,0828443%10~B +3.86468x10~% | -4,59349x10-4 .205281x10~6_| -10.07911x10-4 | -1B.04115x10~4
4000 .0390453%10~5 [ +3. 33?03110-4 ~1.60388x10~4 L155787%10-6_ | 4.781548x10-4] -14. 70410:(10-4
5000 | .0233400%X10-5 3.73408x10~4 ~.0089558x10—% .0943909%10-5 5.18083x10-% | -10.19733x104
8000 | .0073901X10-5 +.969987x10~% | 41.13391x10-% .0385164%10-5] 8,56318x10-% | -1.34915x10~%
D €5) i3) ) (15) (1)
AXIAL 1OAD CONSTANTS SHEAR FLOW CONSTANTS
2 O L M OLUO L Ky rxy®
| @0 -@;® -@:@ @@ Qre) @@
: NORET) +®:(® -® +®3(13-@ | -@:EH-10)
1000 (6. 73051410~ -14.3739x10~%  |-179.838x10% ~83.74680¢10~8 -433.845x10-% | -264.611%e20~% |
3000 |-3.18397x10-5 +87.66681x10~% | -81.81150%10-% | -8,17173%10~5 | ~16.71363x10~4 | -368.87855¥10~4%
3000 {~1,13498X10-5_ | “78.90037X10-4 |  -.463735X10-4% | -4.45078X10-B | 4153.00836x10—4 | <846 .6661X10~4
14000 -.ﬁl)fbbB!.LU"’ bO EDdBdKlO"" I-31 35517110"‘ ] —2.5:.‘»5&.";1l].(')"’"ﬂ B07. 76186!10“"— 101. 51985!10"‘"
5000 -.383337110-6 86 . 73451x10~% 239 .67103%10~4 -1,685039X10=5 194,07834x1 -6.,98531%10~%
8000/| -.143073x10"° -9.13114x10~* | 28.e2max10~* | _.esz033x10°6 | 8e.ozasomro* | <100.69731x10~4

828 'ON NI YDVX
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Form 4H FINAL CONSTANTS FOR UNIT Page A:13
Ref. code Model General
(ced)Form EORIZONTAL LOAD Rept 42333
$ = 180°
VALUE OF DETERMINANTS
Ky! Kg! Kz' D
OEDP @D3:ED; | D3 D ED+@ (D
d ) / .
-Es(EDs | -GD3EDs | -ED3(EDs +®EDs
1000 ~387.46166 -.0473996x%04 7.53016x10% 5014 ,6638x10%
3000 -806.14010 -33.71810%10 30.49478x10% ~85360.69%10
L 3000 ~1669.80185_| -104.47747%10% | -5.85956x104 | -369018.87x10%
4000 -2817.43403 ] -811.97504x10% "1 -148.681427%104 -;434525.2;;124
5000 -4458.3753 ~363.37901x10% | -438,43307x10% | -3893388.8%10
8000 _ -11075.67940 | +748.45877x10% |-2037.84851x10% -32966637.10x10% |
® ® )
MOMENT CONSTANTS TRANS. SHEAR GONSTANTS _
Ky K3 & +E3Y KaB+Kz0 -Xz04K3B
| B R L @06 |98 -®:®
. ® +(:)3(:) +He)z
1000{ 2. 38788x10-8 +.0343748x10~%| -5.44508x10~% .72367710~8 |-16.336549x10~% -a.4ososx10-t
3000 .saoasssxlo:g +1.975368x10~4 | -1.300833x10~% .183244x10~5 «.37505%10-4 ~8.39883x10~¢
| 3000| .3348135>1075 | 1.415811x10-% | +.076884x10~% | .0828434x10-B| 3.88469x10~%|  -4.59351x10% |
4000 .1083930%10-61 .743870x10-4% .531590%x10-4 .0399333x10=-5T 3.28778x1 -1.60316x10
5000| .0573544x10-6| °,338339x10-4 .560487x10"4 .03323453x10-5] 2.73531x10-4 -.0984748x10"4
8000 .0167989x10~8 | -.1188104x1074 .309088x10—% .00739163x10°5  .97008x10-% 1.13388x10~%
D) ) () @
| - AXIAL LOAD OONSTANTS SHLAR FLOW OONSTANTS
1 -@8-@s | -QOm®c | -mrnsd
® NONO) f4:>s€!’ <:>3<:> C)s‘!) (:)3(:3
al - -
OF -@;@ +@3® -® +@;@-O | -©:@-E9
- -5 [47.15746%10~% [-30.51048x10"% | -7.45417x10=5 | 1.07521x10~%|-171.41088x10~%
éggg Elggggégigo-5 85.80364x10=4 | 13.14074x10-4 -2.36683x10+5 | 88.05775x10~%| -53.50584x10~4
3000! -.305378xL0~5_|10.07916x10-4 | 18.04133x10-% | -1,30779x10-5_| 76.03600x10~%4| 4.12875x10~%__ |
10007 —. 155740%10-5 |~ -76484x10=4 T 14.70673x10~% ~T~ -.64733x10~5"1"47.01433%x10-4T 32,97308x10-%
5000l -.0943769x10=5|~b.19265x10-¢ | 10.12710x10-4% -.406411%10-5] 23.99431x10~%| 39.77738x10~4%
8000| -.0335387x10-5|-6.56148x10~4 | 1.34@94x10-4 -.15049x10~5 [<~10.08644x10-4

37.698383x10~%
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45

gogn uod FINAL CONSTANTS FOR UNIT
ef. code Page A:lé
(cd) MOMENT LOAD PER INCH RADIUB . lt:gel General
Foram ¢ = '180° Rept. 43323
YALUE OF DETERMINANTS
Ky' g Kz' D
. @3 | -EDsEz| -ED3EDs [(1)(85)3+(2)(56)3
"'33 +ED;ED5 | +ED3ED3 | +(3)(5M3
1000 +3377.39 -851649.3 346581.4 -69148.5;%03
300Q +11704.0 -4338933.3 --2446855.7 -853508x10
| 3000 34186.6 | -6396163.8 | -132358588.4 _ | -3600189x10°
4000 47395.8 #4383174.0 | -40415660.4 ~14246358x10%
5000 77941.3 43039877 -75050054 -38933885x109
8000 235605.4 425305993.3 -68496868.5 -339655386%10°
® ® @ :
MOMENT CONSTANTS TRANS. SHEAR CONSTANTS
Ry Xg & K1Y Kgf+Kz0 -Xz0+K3p
5@ 5@ 5@ @@ | D@ @@
d
® ® ® +@;® +@,®
1000| -.844330x10-%| .471809x10-8|-.350614x10-3 -.745350x10~4  .0108298x10-8|-1.71407x10~3
2000 | -8 . 856435x10-8| - 2.483347x10~3|1.433414x10~8 |-33.6688380x10-8] ©.804805x10-3 |-5.353183%10™3
| 3000 |-3.377149x10-8 | .886644x10-31.7964638x10-3 _|-13.076394x10~8| 7.804160x10-3 | +.411924x10~3 |
4000 [-1.6659938%10 =.150391x10-311.418466x10~3 5.473768x10 4.702770x10=3"1 3.395334x10=3
5000 |-1.000943x10-8| -.553730x10-3| .963814x10-3 -4,08383x10-8 | 3.40070x10-3 3.97877%x10-3
8000| -.348033x10~6| -.644985x10~%| .103893x10~3 ~1.504841x10~8| -1.009501x10-3 | 2.768567x10~3
@ D) @ €5)
AXIAL LOAD CONSTANTS SHEAR FLOW COMSTANTS
v -®@r-@s | -WOs@c | -xrEr®
a @ -®3 ‘@.3 @3@ @3 @5@
- 3 _
| -®;@ +®:® -® +1®;@-0@ | -®@:@-®@)|.
1000| 3.37484x107% 4.83744x10-3 8.64838x10-8 | 7.68817x10~% | 14.83433x10-3_ |-7.89005x10-3
2000 |81 703248x10-6| 41 .676883%x10-3| 36.990343x10-3| 3.057080x10-% | 11.068383¥10~3 | 8.3913680x10-3
3000 |44 . 501143x10-6 | ~15.388139x10~3| 34.669341x10-3 | 1.7606830x10-4 | ..4.653747x10-8 | 9.849937x10-8 |
4000135 . 347856x10~-87=80. 776868x10-3( 10.137356x10~3] L.049336x10=4 . 951367x10=8 | 8.964739x10-8
5000 }18.49916x10~6 |-19.40852x10~3 T701715%10~3| 71.05038x10-6 ~-385.83683x10-% |6€8.38685%x10~3
80001 6.631740x10~6| <8.691192%10-3|-10.070481x10-3] .308406x10~% | ~5.778888x10-8,| .931867x10-8




- . Page.. A:ll
Forn 4A Model Qemn -
FINAL DEFLEZOTION QONSTANTS Report ABZW
¢ =180°
Q» @9y () @D B
i . RADIAL.DEFLEOTION CONSTAKTS 1 ROTATIONAL DEFLEOTION CONSTANYS'
s |-@@ | @& |[HO:@ |-G @@
- SO D) -@:@®) +®:(3®-15) |-Dz@D-@8
.010301| . .00163536 . 31645383 . 56 " 015506 .051673 -.0033088
- 10.28 .01734449 058142348 . 31837154 .03555830 . 33473188 .23355861
d 48.61 .00894524 -.24857180 20186171 .02088411 .00418771 55599864
-1 87.94 ,00588730 -.30013183 .03348037 .01453338 -. 3338169 50487138
Al 300.92 | 00341838 .. | 11939904, | -.21863955; | .00691481 .| -.6093857 -. 06590409,
W[ 1000 | .694832X1077 7 148.4813x10”. |-96.0724110 ... B346236X10 _3"'.333569:1 Z53.9697X10~% |
5| 3000 ©383088%X10~3 | 119.4899x10~5 | 58.5726%10~3 105549110 39.2487% -23.8486X10-8 |
gl 4000 .984871x10~4 -.483371X1 9.29311y10% . 400353 %10-3 .2971113 " .308354
8000 +.2912095x10~4 .0588003 - .0130087 . | +.134790X10-3} -90,385233x10-3| 248.32060X10~3
25000 3.50679 x10~5 . 0166083 -. 0184744 13.9310%10~° | -.03064%4 -.131877
100000 .616601x10~7 ~. 00504880 +.000039425 | 4.36178x10-7 -.0119821 0325168
q .010201| .01535387 00730934 .31490873 .16508300 00385688 .031.86234
@ 10.28 .0138758 -.18770786 |  .11067848 0384458 - 04636180 34678838
- 48.61 .00515167 -.14454207 ~.08816617 © 01191383 -. 24917643 .12210611
- 97.94 .00892549 -.06918383 -.11595084 00739630 -. 36744898 ~.0385443
= 300.98 | .000880805 _ |  .05813880_ ; .07798384__ | .00B8108% _|  ~.0842336 | -.2148300
'{;"_1000 —1.237501x10~5 [~ 48.8798x10~3 36 ,4835%10~5 .768876X10-0] 148.3406%10-37 | —78.9133%10-3" |
@| 2000 .081703x105 1.68687x10~3 | 38.9900x10~3 .305707X10-3] 110.6656110~3 63.9449110-3
M 4000 .864456x10-4 | -80.78091x10-3 | 10.1387x10-3 | 1.049306X10-4] -9.5508%10-2 89 .6440%10-3
E 8000 .663156%10-3 -.869408x10-8| -1.006767x10-3| .306388x10-4{-577.64052x10~4 | 98.35973x104
25000 .467018%1, 00413294 00118534 3.59350%10-8 0167899 -.0157117
100000 .9112393x10-8 -.484881x10-3| -.573808x10-5| 6.39080%10~8 |  -.00501193 .B38663x10~S
.010301) -.01550820 -.03157834 ,00330833 -.15681360 -.00311865 000543446
10.38 -.03555686 -. 33473806 - 33356404 -.07389116 ~.49084844 . .10741177
g 48.61 -.0306840 -.00418830° ~.5550054 -.0478377 -, 7585877 -.5973807
a 97.94 -.01453389 . 323333819  -.504B6014 -, 03624764 ~,4173368 -1.1190107
~|  300.92 | -.00691506 | .8093718 .06693768 HJ_-.omeaao | .eses3d7 | -1,1379016% |
w1000 T T-.834843x10-3 7 -.339754x10-8] 53.861750x10-3 | ~.7923012x10~2| 137.14321x10-3 | ©1.19583%10-8
gl 2000 -.105530410-3 | -30.249375x10-8] 23.856319110-8| -.304860010-3| _3.61783110-2 | 158.48629%10-3
8) 4000 -.0400364x10-3) -39, 718645x10~8| -30.831968110-3| -,170107810~3|~130,37018v10-8 | 56.08198X
x| 8000 —.134839X10-3 |  9.04108 x 10-3| -24.81890X0.0-3 | -.823844x10~3|.733,153500"% | -911.58848%10~%
25000 -.138309x1 .0296512 .131880 -.773073x10% .643708 . 252085
100000 ~.4368117x1 .0119802 -,0326150 -2.94567210-8 1. -.148300 -,183360

626 ON N.L ¥OVN
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* (Sym.)
Form 5 FINAL COEFFICIENTS FOR UNIT Page All6
.. Ref, Code: : " VERTICAL LOAD Model General
* ‘("Co‘ibﬂ'om
a4 = 1000 ¢ = 180 Report L4222
(1) (2) (3) (1)
Moment coeff. Shear coeff, Axial load coeff, Shear flow coerf.
a Cm* R Cg* . Gq* o
(5)g (18)2+(6),(19)%1(8), (15) +(9)  (16)](21), (18)o+(22) (19)3 (1), (15)5+(15) . (16),
+(7}4£20), +{10), (17% +(1§)4 (20, +(16)e (17)p
o) ~,0015 , 0000 ~.Q0L5 0
5 -, 0021 -,0128
10 -, 0015 +,000Y ~.0037 -, Q246
15 :
o5 -
307 -.0009 0037 - -.0162 -.0397
5
ég .0000 ,0070 ~-.0205 -.0163
50 +.0016 0105 _ -0180 ____ +,0312
.55 - .
“ 60 00036 10127 '1"-00“’9 00975
65 ‘
.70 .0058 0115 +,0204 ,1667
75 )
80 .0073 +.00L9 _ 0556 12123
85 ' .07
90 0071 «. 0080 : .1985
95 .1071 _
100 +.0042 ~.0265 . ' ‘ +.0875
105 +1168
110 -,0022 -, 0U66 ~.1468
115 +,0822
120 -.0117 =, 0605 . ~.5028
125 "'.0166 N
13C -.0223 - 0570 -.9328
135 ~.1889
-~.0299 ~.0236 : ~1, 334k
1h5 . _ -2l .
150 -.0282 +.0507 , -1,558%
155 -.68UT
-160 ~.0096 «1699 -1. 4450
165 ' ~.5037
170 +.0333 + 3267 -.9723 ~.8990
<175 - i ,
, 180 1055 44999798 -,9819 -,00078L

\
¥ -~ ¥ = CuFR Pp = Cp?P Py = OtP q:Gq(%’_
hY
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(Aﬁtisymh)
Form 5 FIWAL COEFFICIENTS FOR UNIT Page A:l7
Ref. Codet HORIZONTAL LOAD Model General
(Cd)FcI‘m L LT
4 =1000 ¢ =180 Heport U422
(1) (2) (%) (0
Homent coeff. Shear coeff, Axial load coeff, Shear flow coeff.
5 — Cm* On* ) Op* . Co*
{(5)y (15)g+(6), (16)(8), (182,+(9), (190 (11 (150, +(22} (16),(2M), (38),+(15), (19),
+(7)4(17)s +(10), (20), +(13) . (17)s +(16) 4(20),
0} .0000 ;.0015 .0000 0000
5
10 -.0003% ~.0015 -. 0004 -,0022
15 -
20 ~+ 0005 ~.0013 -.0015. -, 0080
251 .
30 ~.0007 -.0009 -.0037 ~.0153
35
L):ﬁq ~,0008 .0000 ~,0070 -.0206
50 «.0007 +.0016 -.0105 ~.0196
55 '
20 -.0002 0036 ~,0127 -.0085
5
70 +.0006 0058 ~.0115 +.0146
o3 I - o P
&0 L0017 L0073 -.0050 , 0483
85
90 0030 .0071 +.0080 .0853
95
100 | .00u1, ~00u2 .0265 »1119
105
110 .00U3 ~.0022 .0u66 .1086
115
120 +0031 -.0117 0605 +.0535
125 - _
1307} +.0001 -.0223 0570 -.0713
135
1&; -, 0046 -.0299 +,0236 -, 2705
1
» 150 -.0098 ~-.0282 ~, 0507 -,5268
551 . T
120 ~,0L33 -.0096 ~.1698 -~ 79UT
- 1 5
. 170 ~.0117 +.0333 -.3267 -1.0057
175
180| +.00000188353 +.1055 -, 499997 ~1.0876
*—» M= OpPR Py = OpP Py = CiP q = Gq<®
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Form & FINAL COLFFICIEXTS FOR UNIT Page A:l8
Ref, COode Model General
Form VERTICAL LOAD Report 48233
d = 1000 ¢ = 180°
@ ® ®
Radial deflect. |Rotation deflect.| Axial load coeff.|Shear flow coeff
coeff , AR; coeff., OA%_: Cy» _Oq-u

@,@,
ol +@,ED,
+4 2

@9, @3,
+@D, @,
+4 @2

@,@,
‘@, 1),
+@, @9,

®,®,
+@), @),
+@), @,

0 -1493 ~0000
10 .1340 -.3635
16
20 | +.0503 -.5115
35 | S
— 30 -.0650 -.7125
5
30 | -.2044 -~.7981
45
50_| -.3355 -.8714 _ -
85
80 | -.4084 ~.3308
65
70 | -.3509 +.5844
75_| -
80 | -.1278 1.7334 ‘\\
85
20 | +.3340 3.0161
95
100_|  .9740 | 4.0438 \\L
105
110 | 1.7117 4.2635
115
120 | 3.3335 3.09268
135_]
130T 2.5066 +.1394
135
140 | 1.9498 -4.4598
145
| 150_| +.4565 | _9.e676
155
160 | -1.8562 _13.3308
165
170 | -4.3390 -11.5687
175
180 | -5.6118 ~.0001
*—M = CpPR Py = OpP Py = C4P Q= Cq (g)

@,
@,
@,

= .694333(10 -3)
= -96.0724(10-%) (B0), = .334638 (10 -2)
= .333569 (10 -2) 4 = -53.9697 (10 ~2)

(19, = 148.4612(10-9)



RABIE I.— COEFFICIZNTS FOR SYMMETRICAL AND ANTISYUIBTRIGAYL LOADIEG

[Use X,' for E,, etc.,, for antisymmetry. Yumerical subsecript refers to

torms for example, 1 Way refer to valuss under either s8inh ¥8 or

while 2 rcfers to values under either sinh P68 coe o8 or cosh B8 cos ob,]

cosh ¥8 .

: SYHUETRIOAL LOADING — COEFFIOIRET (F
Cooffi- |Sym- T | '
{ ctont o£|"0) |sinh ¥@[sinh PO cos UBjcosh PO sin oB|cosh ¥6lcosh BB aos ¢l]sinh BB sin o,
'Qanding ' - - ”
moment | °m X2 fa 3
Shearing | 0| YK, | EoB + Ko K30 + 5B
foreo -
Axial Ga ~Y K], "'nsaB - GSSQ _—GBS.B + Gsao'
' NI Cq B+ Cpd | 0o B — Cao0
snosr | g} Tt | Caaf ¥ Ceg 838 = Oas
i flow i A o o
I -y KJ_ o 8a - 33
!
Tan-
. gential {0t O, Gfla c%
deflec— '
: tion n
| Radial ~BCaun, 001,
deflee~ 10 ~XCpp -
. . AR 2 0 A
tion VAT, “FVATy
Sdce
yptoned |} ~Oaz, |COaw, * POAR, | ~Cam, — 9Carg
jrotas hd G
tlon Wpp | ++00an, + PCpny '
i ; 1
| cosh ¥8!cosh BO cos oflsinh BO sin oB|lsinh YO|sinh B8 cos ol@icosh B sin o8
_  cosh .
ANPTSTHIRTRICAL LOADING — COEFFICIEHT QF .

se6 “of KI vVOVK

Q¢




5

NACA Technical Note No. 9289 Fige. 1

Reference ring
d=0
N c { 0= ooy 450

e 1350

d = 100

Notess

Relative stiffness is measured by parameter "d®"; d = O re-
presents & relatively rigld ring and d = 100 represents a

somewhat flexible ring. Deflection scale magnified. Dash
lines indicate deflected positions.

Figure l.— Qharacteristic deflection curves for a rigid ring
and for a flexible ring.
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Figs. 11,12
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Figs. 13,14
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